Chapter 2

Quantum mechanics and probability

2.1 Classical and quantum probabilities

In this section we extend the quantum description to states that include “ classical”
uncertainties, which add to the probabilities inherent in the quantum formalism.
Such additional uncertainties may be due to lack of afull knowledge of the state
vector of a system or due to the description of the system as a member of a sta-
tistical ensemble. But it may aso be due to entanglement, when the system is the
part of alarger quantum system.

2.1.1 Pureand mixed states, the density operator

The state of a quantum system, described as a wave function or an abstract vec-
tor in the state space, has a probability interpretation. Thus, the wave function is
referred to as a probability amplitude and it predicts the result of a measurement
performed on the system only in a statistical sense. The state vector therefore
characterizes the state of the quantum system in a way that seems closer to the
statistical description of a classical system than to a detailed, non-statistical de-
scription. However, in the standard interpretation, this uncertainty about the result
of a measurement performed on the system is not ascribed to lack of information
about the system. We refer to the quantum state described by a (single) state vec-
tor, as a pure state and consider this to contain maximum available information
about the system. Thus, if we intend to acquire further information about the state
of the system by performing measurements on the system, thiswill in general lead
to a change of the state vector which we interprete as a real modification of the
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56 CHAPTER 2. QUANTUM MECHANICSAND PROBABILITY

physical state due to the action of the measuring device. It cannot be interpreted
simply as a (passive) collection of additional information.*

In reality we will often have less information about a quantum system than the
maximally possible information contained in the state vector. Let us for example
consider the spin state of the silver atoms emerging from the oven of the Stern-
Gerlach experiment. In principle each atom could be in a pure spin state |n) with
a gquantized spin component in the n-direction. However, the collection of atoms
in the beam clearly have spins that are isotropically oriented in space and they
cannot be described by a singel spin vector. Instead they can be associated with
astatistical ensemble of vectors. Since the spins are isotropically distributed, this
indicates that the ensemble of spin vectors |n) should have a uniform distribution
over all directions n. However, since these vectors are not linearly independent,
an isotropic ensemble is equivalent to an ensemble with only two states, spin up
and spin down in any direction n, with equal probability for the two states.

We therefore proceed to consider situations where a system is described not
by a single state vector, but by an ensemble of state vectors, {|)1, [¢)a, ..., [}, }
with a probability distribution {py, ps, ..., p,,} defined over the ensemble. We may
consider this ensemble to contain both quantum probabilities carried by the state
vectors {|1) } and classical probabilities carried by the distribution {p; }. A sys-
tem described by such an ensemble of statesis said to be in a mixed state. There
seemsto be aclear division between the two types of probabilities, but aswe shall
see thisis not fully correct. There are interesting examples of mixed states with
no clear division between the quantum and classical probabilities.

The expectation value of a quantum observable in a state described by an en-
semble of state vectorsis

= anpk Zn: (V] Aly,) (2.1)
k=1 k=1

This expression motivates the introduction of the density operator associated with

1An interesting question concerns the interpretation of a quantum state vector |+) as being the
objective state associated with a single system. An aternative understanding, as stressed by Ein-
stein, claimsthat the probability interpretation implies that the state vector can only be understood
as an ensemble variable, it describes the state of an ensemble of identicaly prepared systems.
From Einstein’s point of view this means that additional information, beyond that included in the
wave function, should in principle be possible to acquire when we consider single systems rather
than ensembles.
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the mixed state,

n

Z k [Vr) (Vr (2.2)

The corresponding matrix, defined by reference to an (orthogonal) basis, is called
the density matrix,

by = 3" b {nlthe) (0l (23
k=n

The important point to note is that all information about the mixed state is con-
tained in the density operator of the state, in the sense that the expectation value
of any observable can be expressed in terms of p,

(4) = Zpkz Vel di) (@il Al ;) (519n)

= Zpk<¢j|¢k><¢k’/i|¢j>

i k=1
= Tr(pA) (2.4)

The density operator satisfies certain properties, in particular,

/\

a) Hermiticity : p' =p = pr =p; (real eigenvalues)
b) Positivity :  (x|p|x) > 0forall |[x) = pr >0 (non — negative eigenvalues)

c) Normalization : Trp=1 = Zpk =1 (sum of eigenvalues is 1) (2.5
k

These conditions follows from (2.2) with the coefficients p,, interpreted as proba-
bilities. We a so note that

Trp*=>pi = 0<Trp’ <1 (2.6)
k

Thisinequality follows from the fact that for all eigenvalues p,, < 1, which means
that Tr p*> < T'r p.

The pure states are the special case where one of the probabilities p,. is equal
to 1 and the othersare 0. In this case the density operator isthe projection operator
on asingle state,

p=10)W = p*=p (27)
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In this case T'r(p*) = 1, while for all the (truly) mixed states Tr(p?) < 1.
A general density matrix can be written in the form

p="> o) (Wil (2.8)
P

where the states |¢,) may be identified as members of a statistical ensemble of
state vectors associated with the mixed state. Note, however, that thisexpansionis
not unique. There are many different ensembles that give rise to the same density
matrix. This means that even if al information about the mixed state is contained
in the density operator in order to specify the expectation value of any observ-
able, there may in principle be additional information available that specifies the
physical ensemble to which the system belongs.

An especially useful expansion of adensity operator isthe expension in terms
of its eigenstates. In this case the states |v,) are orthonomal and the eigenvalues
are the probabilities p,, associated with the eigenstates. This expansion is unigue
unless there are eigenval ues with degeneracies.

As opposed to the pure states the mixed states are not providing the maximal
possible information about the system. This is due to the classical probabilities
contained in the mixed state, which to some degree makesit similar to a statistical
state in aclassical system. Thus, additional information may in principle be avail-
able without interacting with the system. For example, two different observers
may have different degrees of information about the system and therefore asso-
ciate different density matrices to the system. By exchanging information they
may increase their knowledge about the system without interacting with it. If, on
the other hand, two observers have maximal information about the system, which
means that they both describe it by a pure state, they have to associate the same
state vector with the system in order to have a consistent description.

A mixed state described by the density operator (2.8) is sometimes referred
to as an incoherent mixture of the states |¢,). A coherent mixture is instead a
superposition of the states,

[¥) =D cxlve) (2.9)
k

which then represents a pure state. The corresponding density matrix can be writ-
ten as

p=> el (W] + D craltn) (U] (2.10)

k k£l
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Comparing this with (2.8) we note that the first sum in (2.10) can be identified
with the incoherent mixture of the states (with p, = |cx|?). The second sum
involves the interference terms of the superposition and these are essential for the
coherence effect. Consequently, if the off-diagonal matrix elements of the density
matrix (2.10) are erased, the pure state is reduced to a mixed state with the same
probability p;, for the states |1)y).

The time evolution of the density operator for an isolated (closed) system is
determined by the Schrodinger equation. Asfollows from the expression (2.8) the
density operator satisfies the dynamical equation

%ﬁ = |H,p| (2.12)
Thislooks similar to the Hei senberg equation of motion for an observable, but one
should note that Eq.(2.11) is valid in the Schrodinger picture. In the Helsenberg
picture, the density operator, like the state vector is time independent.

One should note the close similarity between EQ.(2.11) and Liouville's equa-
tion for the classical probability density p(q, p) in phase space

J
5P = {0 H} pp (2.12)

ih

where {, } . ; isthe Poisson bracket.

2.1.2 Entropy

In the same way as one associates entropy with statistical statesin aclassical sys-
tem, one associates entropy with mixed state as a measure of the lack of (optimal)
information associated with the state. The von Neuman entropy is defined as

S =—-Tr(plogp) (2.13)
Rewritten in terms of its eigenvalues of p it has the form

S =— Zpk log py (2.14)
e

which showsthat itisclosely related to the entropy defined in statistical mechanics
and in information theory.

The pure states are states with zero entropy. For mixed states the entropy
measures "how far away” the state is from being pure. The entropy increases
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when the probabilities get distributed over many states. In particular we note
that for afinitedimensional Hilbert space, a maximal entropy state exist where all
states are equally probable. The corresponding density operator is

e =~ SR (2.15)
k

where n is the dimension of the Hilbert space and {|%)} is an orthonormal set of
basis vectors. Thus, the density operator is proportional to a projection operator
that projects on the full Hilbert space. The corresponding maximal value of the
entropy is

Smax = 10g n (216)

A thermal stateisaspecial case of amixed state, with a (statistical) Boltzman
distribution over the energy levels. It is described by a temperature dependent
density operator of the form

p= Ne (2.17)
where 5 = 1/(kgT) and N isanormalization factor. It is given by

N~ =Tre P =% e 0 (2.18)
k

in order to give p the correct normalization (2.5) consistent with the probability in-
terpretation. In the above expression £, are the energy eigenvalues of the system.
The close relation between the normalization factor and the partition function in
(classical) statistical mechanicsis apparent.

The quantum statistical mechanicsis based on the definition of density matri-
ces associated with statistical ensembles. Thus, the density matrix (2.17) is asso-
ciated with the canonical ensemble. Furthermore the thermodynamic entropy is,
in the quantum statistical mechanics, identical to the von Neuman entropy (2.13)
apart from a factor kg, the Boltzmann constant. We will in the following make
some futher study of the entropy, but focus mainly on its information content
rather than thermodynamic relevance. Whereas the thermodynamic entropy is
most relevant for systems with a large number of degrees of freedom, the von
Neuman entropy (2.13) is also highly relevant for small systems in the context of
guantum information.
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2.1.3 Mixed statesfor atwo-level system

For the two-level system we can give an explicit (geometrical) representation of
the density matrices of mixed (and pure) states.
Since the matrices are hermitian, with trace 1, they may be written as

p= %(1—1—1“-0') (2.19)

where r is athree-component vector. The condition for thisto be apure stateis

p*=p
1 ) 1
= Z(l—i—r —|—2r-0'):§(1+r~0')
= r’=1 (2.20)

Thus, a pure state can be written as

p = ;(1+n-0') (2.21)
with n as a unit vector. This represents a projection operator that projects on the
one-dimensional space spanned by the spin up eigenvector of n - o. We note that
this is consistent we the discussion of section (??), where it was shown that any
state in the two-dimensional space would be the spin up eigenstate of the operator
n - o for some unit vector n.

For ageneral, mixed state we can write the density matrix as

1
p = §(l—|—rn~a)
1 l1+n-oc 1 1-n-o

with r = rn. This means that the eigenvectors of p, aso in this case are the
eigenvectors of n - o, but the eigenvalue p, of the spin up state and the eigenvalue
p_ of the spin down state are given by

pt = ;(1 +r) (2.23)

The interpretation of p,. as probabilities means that they have to be positive (and
less than one). Thisis satisfied if » < 1. This result shows that all the physical
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Figure 2.1: The entropy of mixed states for atwo level system. The entropy S is
shown as afunction of theradial variable r for the Bloch sphere representation of
the states.

states, both pure and mixed can be represented by points in a three dimensional
sphere of radius » = 1. Points on the surface (r = 1) correspond to the pure
state. As r decreases the states gets less pure and for » = 0 we find the state
of maximal entropi. The entropi, defined by (2.14), is a monotonic function of
r, with maximum (log 2) for » = 0 and minimum (0) for » = 1. The explicit
expression for the entropi is

1 1 1 1
S:—(5(1+T)10g§(1+7")+5(1—7’)10g§(1—r)) (2.29)

The sphere of states for the two-level system is called the Bloch sphere. More
generally the set of density matrices of a quantum system can be shown to form a
convex set (see Problem (2.4.3)).

2.2 Entanglement

In this section we consider composite systems, which can be considered as con-
sisting of two or more subsystems. These subsystemswill in general be correlated
due to interactions between the two parts. A quantum system may have correla-
tions that in some sense are stronger than what is possible in a classical system.
We refer to this effect as quantum entanglement. Thisis considered as one of the
clearest marks of the difference between classical and quantum physics.
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2.2.1 Composite systems

To this point we have mainly considered an isolated quantum system. Only the
variables of the system then enters in the quantum description, in the form of of
state vectors and observables, while the dynamical variables of other systems are
irrelevant. Aslong asthe system staysisolated all interactions with other systems
are negligible and the time evolution is described by the Schrodinger equation.

With maximal information about the system we describe it by a pure state (a
state vector), with less than maximal information it is described by a mixed state
(adensity matrix). If the system isin a pure state, it will continue to be in a pure
state as long as it stays isolated. For a mixed state, the degree of ”non-purity”
measured by the entropy will stay constant aslong asit isisolated. This follows
from the fact that the time evolution is unitary and the eigenvalues of the density
operator therefore do not change with time.

Clearly an isolated system is an abstraction since interactions with other sys-
tems (generally referred to as the environment) can never be totally absent. How-
ever, in some cases this idealization works perfectly well to a high dergee of acu-
racy. If interactions with the environments cannot be neglected, also variables
associated with the environment have to be taken into account. If these act ran-
domly on the system they tend to introduce decoherence in the system. The state
develops in the direction of being less pure, i.e., the entropy increases. However,
a systematic manipulation with the system may change the state in the direction
of being more pure. Thus, a partial or full measurement performed on the system
will be of thiskind.

Even if a system A cannot be considered as isolated, sometimes it will be a
part of alarger isolated system. We will consider this sitation and assume that
the total system can be descibed in terms of a set of variables for system A and
a set of variables for the rest of the system, which we denote B. We assume that
these two sets of variables can be regarded as independent (they are associated
with independent degrees of freedom for the two subsystems A and B), and that
the interactions between A and B do not destroy this relative independence. We
further assume that the totality of dynamical variables for A and B provides a
complete set of variables for the full system. We refer to this as a composite
System.

The interactions between the two parts of a composite system will introduce
correlations between the two parts. Thus, the evolution of the two subsystemswill
be correlated and the expectation values of variables from system A and B will in
general also be correlated. Correlationsis atypical feature of interacting systems
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both at the classical and quantum level. We shall focus here on correlations that
are special for a quantum mechanical system.

In mathematical terms we describe the Hilbert space H of a composite system
as a tensor product of two Hilbert spaces ‘H 4 and Hp associated with the two
subsytems,

H=His®Hp (2.25)
A basis|i) of H 4 and abasis |«) of H g then defines atensor product basisfor H,

lia) = |i) @ |a) (2.26)
A general vector in H is of the form

) = X cuali) @ Ja) (227)

and in general it is not a tensor product of a vector from H 4 with a vector from
Hp.

The observables of system A and the observables of system B define commut-
ing observables of the full system. Thisfollows directly from how they act on the
basisvectors (2.26). With A asan observablefor system A and B as an observable
for system B, we have

Alia) =" Ajlja) , Blia) =" Bsalif) (2.28)
J B
Clearly
ABlia) =" AjiBgaliB) = BAJia) (2.29)
JB

The expectation values of observables acting only on subsystem A are deter-
mined by the reduced density matrix of system A. Thisis obtained by taking the
partial trace with respect to the coordinates of system B,

ﬁA = TTB(Ié) ) pf; = Z Pia ja (230)
In the same way we define the reduced density matrix for system B

ﬁB =Tra(p) , Pfﬁ = me i8 (2.31)
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In general the reduced density matrices will correspond to mixed states for the
subsystems A and B, even if the full system isin a pure state.

For a composite system there exist certain relations between the entropy S(p)
of the full system and the entropies of the subsystems, S(p*) and S(p?). Thus,
for a bipartite system (a system consisting of two parts), like the one considered
above, the following inequalities are satisfied,

S(p) < Sa+Sp, S(p) > 1S4 — Sl (2.32)

We note in particular the first inequality. This may seem somewhat surprising,
since it indicates that there are states of a composite system that are more pure
than the states of its subsystems. A corresponding situation for aclassical system
would be rather paradoxical since it would mean that the total system could bein
a state that was more ordered than the states of its subsystems. Another way to
interprete the inequality isthat full information about the states of the subsystems
A and B will in general not be sufficient to give full information about the state of
the total system A+B. When there are correlations between the two subsystems,
these are not seen in the description of A and B separately.

2.2.2 Correlations and entanglement
A product state of the form
p=pt@p” (2.33)

is a state with no correlations between the subsystems A and B. For any observ-
able A actingon A and B acting on B the expectation val ue of the product operator
AB, isthen simply the product of the expectation values

(AB) = (4) 4 (B)p (2.34)
Written in terms of the density operators,
Tr(pAB) = Tra(p* A)Trp(p"B) . (2.35)

Conversely, if the product relation (2.34) is correct for all observables A acting on
A and all observables B acting on B, the two subsystems are uncorrelated and the
density operator can be written in the product form (2.34).

We next consider a (mixed) state of the form

p=>_ kP @Py - (2.36)
k
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With {p;} as a probability distribution, this density matrix can be viewed as de-
scribing a statistical ensemble of product states, i.e., of states which, when re-
garded separately, do not contain correlations between the two subsytems. How-
ever, the density matrix of the ensemble does contain (statistical) correlations be-
tween the two subsystems. Thus, the expectation value of aproduct of observables
forAandB is

(AB) = ;pk <A>kA <B>kB

= > nTra(pit ATrs(pp B) (2.37)
k

and thisis generally different from the product of expectation values,
(A)4(B)p = Zpk (A)ja Zpl (B
k l

= Y oen Tra(pi ATrs(p' B) - (2.38)
kl
The correlations contained in a density operator of the form (2.36) we may
refer to as classical correlations, since these are of the same form that we find in
aclassical, statistical description of a composite system. However, in a quantum
system there may be correlations that cannot be written in the form (2.36) and
which are therefore of genuinely gquantum mechanical nature. Composite sys-
tems with thiskind of correlations are said to be entangled, and in some sense the
correlations that are found in entangled states are stronger than can be achieved
dueto classical statistical correlations. In recent years there has been much effort
devoted to give a concise quantiative meaning to entanglement in composite sys-
tems. However, for bipartite systems in mixed states and for multipartite systems
in general, it is not obvious how to quantify deviations from classical correla-
tions. But for a bipartite system in a pure state the definition of entanglement is
unambiguous. We focus on this case.
We therfore now consider a general pure state of the total system A+B. The
entropy of such a state clearly vanishes. The state has the general form

Z Ciall)a ® |a)p (2.39)

but can aso be written in the diagonal form

Zd In)a ® |n)p (2.40)
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where {|n) 4} isaset of orthonormal states for the A system and {|n)z} isa set
of orthonormal states for the B system. This form of the state vector as asimple
sum over product vectors rather than a double sum is referred to as the Schmidt
decomposition of |y). It can be shown to be generally valid for a composite two-
partite system.

The form of the state vector |y) is similar to that of density operator (2.36)
for the correlated state. In the same way as for the density operator the system is
uncorrelated if the sumincludesonly oneterm, i.e,, if the state has a product form.
However, the correlationsimplied by the general form of the state vector (2.40) are
different from those of the (classically) correlated state (2.36). From the Schmidt
decomposition follows that the density matrix of the full system corresponding to
the pure state | y) is

p="7_ dudy, |n)a(m|a @ |n)p(m|p (2.41)

This is not of the form (2.36). The state (2.40) has correlations between state
vectors of the two subsystems rather than correlations only between density oper-
ators.

From (2.41) also follows that the reduced density operators of the two subsys-
tems have the form

pA =N |doPInYalnla, PP = |dal?n)s(n|s (2.42)

The expressions show that all the eigenvalues of the two reduced density matrices
are the same. Thisimplies that the von Neuman entropy of the two subsystemsis
the same,

Sa=Sp == |du|*log |d,|? (2.43)

In this case, with the full system A+B in a pure state, the entropy of one of the

subsystems (A or B) is taken as a quantitative measure of the entanglement be-
tween the subsystems.

The Schmidt decomposition

We show here that a general state of the composite system can be written in the
form (2.40). The starting point is the genera expression (2.39). We introduce a
unitary transformation U for the basis of system A,

|i)a = Z Upi |m) a (2.44)
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and rewrite the state vector as

x) = chiaUmi|m>A®|a>B

= Z Im)a & (Z CiaUmil) B)

Z Im)s @ |m (2.45)

If the unitary transformation can be chosen to make the set of states {|m)} and
orthogonal set of states, then (2.40) follows. The scalar product between two of
the statesis

<7~7,|77~”L>B = ZZC gU* Cia mz<6|a>
i jB

- ZZCJQU;]CZQ mi

= (U CCTUM) (2.46)

In the last expression the coefficients ¢;,, have been treated as the matrix elements
of the matrix C. We note that the matrix M = CCT is a hermitian, positive
definite operator and the unitary matrix U can therefore be chosen to diagonalize
M. With the (non-negative) eigenvalues written as |d,,|* we have

()Y g = |du|*6mn (2.47)

and if the normalized vectors |m) are introduced by
/) = diy|m) (2.48)
then the Schmidt form (2.40) of the vector |x) is reproduced with the basis sets of

both systems A and B as orthonormal vectors.

2.2.3 Entanglement in a two-spin system

To exemplify this we consider the simplest possible composite system, a system
that consists of two two-level subsystems (for example two spin-half systems).
We shall consider several sets of vectors with different degrees of entanglement.
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An orthogonal basis of product states is given by the four vectors

A®| )&
Aa®| e
A®| )5
A® | )p (2.49)

T
T
l
!

— = — —
AR

| | 1)
| | 1)
| | 1)
| = |1
where {| 1), | |)} isan orthonormal basis set for the spin-half system.

Another basisis given by those with well-defined total spin. Asiswell-known
by the rules of addition of angular momentum, two spin half systems will have
states of total spin 0 or 1. The spin 0 stateis the antisymmetric (spin singlet) state

1
0) = ﬁ“ TH=111) (2.50)

while spin 1 is described by the symmetric (spin triplet) states
1
V2

Clearly thetwo states |1, 1) = | T 1) and |1, ]) = | | |) are product states with
no correlation between the two spin systems. However, the two remaining states
|0) and |1, 0) are entangled. These states may be included as two of the states of a
third basis of orthonormal states, called the Bell states. They are defined by

LD =110, [L0O)=—(1TH+[11), L=l (251

1

ja, ) = ﬂ(|Tl>i!lT>)
1
e, £) = E(HT)iIlU) (2.52)

and are all states of maximal entanglement between the two subsystems. We note
that the two spins are strictly anticorrelated for the first two states (|a, +)) and
strictly correlated for the two other states (|c, +)).

Let usfocus on the spin singlet state |a, —). It isapure state (of system A+B)
with density matrix

ﬁ(av _) = |CL, _><a7 _|

= SOTDELIF I T =TT = LT LD
(2.53)
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The corresponding reduced density matrices of both systems A and B are of the
same form

=P = SO+ DD (259

The symmetric state p(a, +) has the same reduced density matricesas p(a, —). In
fact thisistrue for all the four Bell states. Thus, the information contained in the
density matrices of the subsystems do not distinguish between these four states of
the total system.

The loss of information when we consider the reduced density matrices is
demonstrated explicitly in taking the partial trace of (2.53) with respect to sub-
system A or subsystem B. The two last termsin (2.53) simply do not contribute.
If we leave out the two last terms of (2.53) we have the following density matrix,
which also have the same reduced density matrices,

pa)= (T D LI+ LT ) (255)

Thisis still strictly anticorrelated in the spin of the two particles, but the correla-
tion isnow classical in the sense that the full density matrix iswritten in the form
(2.36). Thus, the termsthat are important for the quantum entanglement between
the two subsystems are the ones that are left out when we take the partial trace.
These terms are the off-diagonal interference terms of the full density matrix, and
this means that we can view the entanglement as a special type of interference
effect associated with the composite system.

When the reduced density operators are written as 2 x 2 matrices they have

theform 11 o
A_ B_ *+
A= _2<0 1) (2.56)

Thus they are proportional to the 2 x 2 unit operator and therefore correspond to
states with maximal entropy S, = S = log 2. With the entropy of the subsys-
tems taken as ameasure of entanglement this means that the spin singlet stateisa
state of maximal entanglement. Thisistrue for all the Bell states, as aready has
been mentioned.

Finally, note that the reduced density matrices (3.8) are rotationally invariant.
This is however not the case for the “classical” density matrix (2.55) of the full
system. It describes a state where the spins of the two particles along one particu-
lar directionisstrictly anticorrelated. It isinteresting to note that we cannot define
a density matrix of this form which predicts strict anticorrelation for the spin in
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any direction. Also note that neither the pure state |a, +) is rotationally invariant.
In fact the state |a, —) isthe only Bell state that is rotationally inavriant, since it
corresponds to spin 0. This makes the spin singlet state particularly interesting,
since it describes a situation where the spins are strictly anticorrelated along any
direction in space.

2.3 Quantum states and physical reality

In 1935 Einstein, Podolsky and Rosen published a paper where they focussed on a
central question in quantum mechanics. This question has to do with the relation
between the the formalism of quantum mechanics, with its probability interpreta-
tion, and the underlying physical reality that quantum mechanics describes. They
pointed out, by way of a simple thought experiment, that one of the implications
of quantum physicsisthat it blurs the distinction between the objective reality of
nature and the subjective description used by the physicist. Their thought exper-
iment has been referred to as the EPR paradox, and it has challenged physicists
in their understanding of the relation between physics and the readlity of natura
phenomena up to this day. Einstein strongly suggested that the paradox showed
that quantum mechanics is an incomplete theory of nature. Later, in 1964 John
Bell showed that the conflict between quantum mechanics and intuitive notions of
reality goes deeper. Quantum theory allows types of correlations that cannot be
found in classical theories that obey the basic assumptions of locality and reality.

In this section we examine the EPR paradox in a form introduced by David
Bohm and proceed to examine how the limitations of classical theory is broken in
the form of Bell inequalities. Asfirst emphasized by Erwin Schrodinger the basic
element of quantum physics involved in these considerations is that of entangle-
ment.

2.3.1 EPR-paradox

We consider a thought experiment, where two spin half particles (particle A and
particle B) are produced in asinglet state (with total spin zero). The two particles
move apart, but since they are considered to be well separated from any distur-
bance, they keep their correlation so that the spin state is left unchanged. The
full wave function of the two-particle system can be viewed as the product of a
spin state and a position state, but for our purpose only the spin state is of inter-
est. Concerning the position state it is sufficient to know that after some time the
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particles are separated by alarge distance.

At a point in time when the two particles are well separated, a spin measure-
ment is performed on particle A. This will modify the spin state of this particle,
but since particle B is far away, the measurement cannot affect particle B in any
real sense. However, and thisisthe paradox, the change in the spin state caused by
the measurement will also influence the possible outcomes of spin measurements
performed on particle B.

The experiment isoutlined in Fig.(2.3.1). From the time when the particlesare
emitted and until the time when the spin experiment is performed the two particles
arein the entangled state

1
ja, =) = ﬁ(’ ThHh=111) (2.57)

In this state the spin of the two particles are strictly anticorrelated. This means
that if particle A is measured to be in a spin up state, particle B is necessarily
in a spin down state. But each particle, when viewed separately, is with equal
probability found with spin up and spin down.

The referenceto spin up (T) and spin down () in the state vector (2.57) seems
to indicate that we have given preference to some particular direction in space.
However, the singlet state is rotationally invariant. Therefor the state is left un-
changed if we redefine this direction in space. Thus, we do not have to specify
whether the z-axis, the x-axis or any other direction has been chosen, they all give
rise to the same (spin 0) state.

We now consider, in this hypothetical experiment, that the spin of particleis
measured along the z-axis. If the result is spin up, we know with certainty that
the spin of particle B in the z-direction is spin down. Likewise, if the result of
measurement on A is spin down the spin of particle B in the z-direction is spin
up. In both cases, a measurement of the z spin component of particle A will with
necessity project particle B into astate with well defined (quantized) z-component
of the spin. Since no real change can have been introduced in the state of particle
B (itisfar away) it seems natural to conclude that the spin component along the z-
axismust have had a sharp (although unknown value) also before the measurement
was actually performed on particle A.

This conclusion is on the other hand in conflict with the standard interpre-
tation of quantum mechanics. If the the z-component of the spin of particle A
has a sharp value before the measurement, it will have a sharp value even if the
measurement along the z-axis is not performed at all, and even if we choose to
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Figure 2.2: The set-up of an EPR experiment. Two entangled particlesin asinglet
spin state is sendt in opposite directions from a source S. The particles are shown
at three different times. The spin direction of each particleis, in thisinitial state,
totally undetermined. In Fig (@) the z-component of the spin of particle A is
measured by a measuring device M4 at atimet,;,. Since the spins of the two
particles are strictly anticorrelated this measurement will project not only particle
A, but also particle B into a state of quantized spin in the z-direction. If one
assumes (like EPR) that no real change has taken place at the position of particle
B, one may be tempted to conclude that particle B was in reality in this spin
state also before the measurent. In Fig (b) the measurement by M, is changed
to arotated direction. Repeating the argument would lead to the conclusion that
particle B had awell-defined (although unknown) spin component in thisdirection
before the measurement. But before the measurement one has afreedom of choice
in what direction to perform the measurement, either in the direction of (a) or the
direction of (b). This seems to indicate that both spin components have to be
well defined before the measurement. But the two components of the spin are
incompatible observables, hence the paradox.
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measure the spin along the x-axis instead. But now the argument can be repeated
for the x-component of the spin. This will in the same way lead to the conclu-
sion that the x-component of the spin of particle has a sharp value before the
measurement. Consequently, both the z-component and the x-component of the
spin must have a sharp value before the measurement is performed on particle A.
But thisis not in accordance with the standard interpretation of quantum mechan-
ics. The z-component and the x-component of the spin operator are incompatible
observables, since they do not commute as operators. Therefore they cannot si-
multanuously be assigned sharp values.

The conclusion Einstein, Podolsky and Rosen drew from the thought experi-
ment is that both observables will in reality have sharp values, but since quantum
mechanics is not able to predict these values with certainty (only with probabili-
ties) quantum theory cannot be a complete theory of nature. From their point of
view there seem to be some missing variables in the theory. If such variables are
introduced, we refer to the theory as a*“hidden variable” theory.

Note the two elements that enter into the above argument:

Locality — Since particle B is far away from where the measurement takes place
we conclude that no real change can take place concerning the state of particle B.
Reality — When the measurement on particle A makes it possible to predict with
certainty the outcome of a measurement performed on particle B, we draw the
conclusion that thisrepresents aproperty of B which isthere even without actually
performing a measurement on B.

From later studies we know that the idea of Einstein, Podolsky and Rosen that
guantum theory is an incomplete theory does not really resolve the EPR paradox.
Hidden variable theories can in principle be introduced, but to be consistent with
the predictions of quantum mechanics, they cannot satisfy the conditions of lo-
cality and reality used by EPR. Thus, there is a rea conflict between guantum
mechanics and basic principles of classical theories of nature.

From the discussion above it is clear that entanglement between the two par-
ticles is the source of the (apparent) problem. It seams natural to draw the con-
clusion that if ameasurement is performed on one of the partners of an entangled
system there will be (immediately) a change in the state also of the other partner.
But if we phrase the effect in this way, one should be aware of the fact that the
effect of entanglement is always hidden in correlations between measurements
performed on the two parts. The measurement performed on particle A does not
lead to any local change at particle B that can be seen without consulting the re-
sult of the measurement performed on A. Thus, no change that can be interpreted
as a signal sent from A to B has taken place. This means that the immediate
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change that is affecting the total system A+B due to the measurement on A does
not introduce results that are in conflict with causality.

2.3.2 Bdl'sinequality

Correlation functions

The EPR paradox shows that quantum mechanicsis radically different from clas-
sical statistical theories when entanglement between systems is involved. In the
original presentation of Einstein, Podolsky and Rosen it was left open as a possi-
bility that a more complete description of nature could replace quantum mechan-
ics. However, by studying correl ations between spin systems John Bell concluded
in 1964 that the predictions of quantum mechanicsisin direct conflict with what
can be deduced from a*“more complete” theory with hidden variables, when this
satisfy what is known as Einstein locality. This was expressed in terms of a cer-
taininequality (Bell inequality) that hasto be satisfied by classical (local, realistic)
theories. Quantum theory does not satisfy this inequality.

To examine this difference between classical and quantum correlations we
reconsider the EPR experiment, but focus on correlations between measurements
of spin components performed on both particles A and B. Let us assume that the
particles move in the z-direction. The spin component in arotated direction in the
y, z-plane will have the form

Sp = cos0S, + sin 05, (2.58)

We consider now the following correlation function between spin measurements
on the two particles,

4
2
Thus, we are interested in correlations between spin directions that are rotated
by arbitrary angles 6, and 6 in the y, z-plane. The factor /2 /4 is included to
make E (04, 05) adimensionless function, normalized to take values in the inter-
val (—1,+1).

For the spin singlet state it is easy to calculate this correlation function. It is

E(04,05) = —cos(04 — 0p) (2.60)

With the two spin measurements oriented in the same direction, 04, = 05 = 6, we
have

E(04,08) = —5 (S0,505) (2.59)

E(0,0) = —1 (2.61)
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which shows the anticorrelation between the two spin vectors.

Let us now leave the predictions of quantum mechanics and look at the lim-
itations of alocal, realistic hidden variable theory. We write the measured spin
valuesas S = 2o, and Sp = Loy sothat o4 and o5 are normalized to unity in
absolete value. We make the following assumptions

1. Hidden variables. The measured spin values S, of particle A and Sp
of particle B are determined (before the measurement) by one or more unknown
varlables, denoted \. Thuso 4 = oa(\) and o = op(N).

2. Einstein locality. The spin value S 4 will depend on the orientation 6 4, but
not on the orientation 6z, when the two measuring devices are separated by alarge
distance. Similarly Sg will be independent of 6,. We write thisas

oa=04(04,\) op=05(0p,N)

3. Spin quantization. We assume the possible outcome of measurements are
consistent with spin quantization,
os=+1 o=+l

4, Anticorrelation. We assume that the measured values are consistent with
the known anticorrelation of the singlet state
UA(07 /\) = _O-B('gv )‘) = O-(Qa )‘)

Since the variable ) is unknown we assume that particles are emitted from the
source S with some probability distribution p(\) over A. Thus, the expectation
value (2.59) can be written as

E(4,05) = /d)\p()\) o404, \) 0505, )
S / X p(\) o(0.4,)) 7(05, ) (2.62)

We now consider the difference between correlation function £ for two differ-
ent set of angles

E(6,,05) — E(6:,05) = —/d/\ PN (0(01, \)a (B2, X) — 0(61, \)o (63, 1))

_ / dX p(N)o (81, N (82, A) (B3, \)o (63, A) — 1)
(2.63)
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In the last expression we have used (6, A)? = 1, which follows from assumption
3. From this we deduce the following inequality

[B(61,62) = B0, 0] < [ dX p() (1= (65, ) (63, 1)
= 1+ E(0,05) (2.64)

which is one of the forms of the Bell inequality.
L et us make the further assumption that the correlation function is only depen-
dent on the relative angle (rotational invariance),

E(6:,02) = E(0, — 02) (2.65)

Let usalso assumethat £(#) increases monotonically with 6 in theinterval (0, 7).
(Both these assumptions are true for the quantum mechanical correlation function
(2.60).) We introduce the probability function

1
P(9) = 5(E(G) +1) (2.66)
This function gives the probability for measuring either spin up or spin down
on both spin measurements (see the discussion below). It satisfies the simplified
inequality

P(20) <2P(6), 0<6< (2.67)

T
2

Due to strict anticorrelation between the spin measurements for ¢ = 0, which
means strict correlation for 6 = , the function satisfies the boundary conditions

P(0)=0, P(r)=1 (2.68)

The inequality (2.67) further implies that P(6) is a concave function with these
boundary values. Thisisillustrated in Fig.(2.3.2), where P(0) = 0/m isalimiting
function which satisfies (2.67) with equality rather than inequality.

We now turn to the predictions of quantum theory. Asfollows from (2.60) the
function P(0) is given by

P(0) = sin” = (2.69)
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1t P(©)
0.8 A
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Figure 2.3: The probability P(6) for measuring two spin ups or two spin downs
as a function of the relative angle 6 between the spin directions. Curve A sat-
isfies the Bell inequality, Curve B is the limiting case where the Bell inequality
is replaced by equality and Curve C is the probability predicted by quantum me-
chanics. Curve C is not consistent with the Bell inequality, but is confirmed by
experiment.

This function does not satisfy the Bell inequality. This is clear from taking a
special value § = /3. We have

P@2r/3) = singg =

(2.70)

DO | = A WO

2P(n/3) = 2sin2%:

Thus, P(27/3) > 2P(x/3) in clear contradiction to Bell’sinequality. This break-
ing of the inequality is seen also in Fig.(2.3.2).

Measured frequencies
To get a better understanding of the physical content of the Bell inequality we
will discuss its meaning in the context of spin measurements performed on the
two particles, where a series of results spin up or spin down is registered for each
particle. We are particularly interested in correlations between the results of pairs
of entangled particles.

Let us therefore consider a spin measurement experiment where the orienta-
tions of the two measurement devices are set to fixed directions. We assume N
pairs of entangled particles are used for the experiment. The results are registered
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for each pair, and we denote by n, the number of timeswhere thetwo particlesare
registered both with spin up or both with spin down. The number of times where
one of the particles are registered with spin up and the other with spin down we
denoteby n_. Clearly n, +n_ = N.

Thefunctions E () and P(0) arefor large N approximated by the frequencies

ne —n_
E(Q)e:vp = +N
POy = HE@p+1) = 5 (2.7

Thus P(#) represents the probability for having the same result (both spin up or
both spin down) for an entangled pair, as already mentioned.

Let usfirst focusat thelist of resultscalled Series| in Fig.(2.3.2). We consider
thislist asthe outcome of a series of measurementsfor asetup where the directions
of the two measuring devices are aligned (/4 = 6 = 0). Each pair of entangled
particlesis separated in a particle A whose spin is measured in M 4, and aparticle
B whose spin is measured in Mp.

The list indicates, as we should expect, that the results of measurements at
M 4, when considered separately, correspond to spin up and spin down with equal
probability. The sameisthe casefor the meaurementsat M. Thelist aso reveals
the strict anticorrelation between measurements on each entangled pair. We write
the result as

ny ([
P(I)emp = J;\(/v ) =0 (272

Instead of performing a new series of measurements we next make some the-
oretical considerations based on the assumption of locality. We ask the question:
What would have happened if in the experiment performed the spin detector Mp
had been rotated to another direction 65 = 7/3. Locality is now interpreted as
meaning that if Mz were rotated, that could in no way have influenced the results
a M,. The series of measurements S, would therefore have been unchanged.
The results Sz would however have to change since the results for § # 0 are not
strictly anticorrelated. Thus, some of the results would be different compared to
those listed in Series |. Quantum mechanics in this case predicts P(7/3) = 1/4.
In the list of Series |l we have indicated a possible outcome consistent with this,
where

P(IT)ewp = "*j(vn ) _ 132 2.73)
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Spin measurements

Series I: BOp=035=0, n,=0

Sa + - + + - 4+ - - + + - 4
S -+ - - 4+ - + + - - + -
Series II: ©®p=0, Op=m/3, n,=3

Sa + - + + - 4+ - - + + - +
Ss -+ (|-9 -+ - (L + (-!) - o+ -

Series III: Op=-m/3, Og=0, =n,=3

Series IV: Op=-m/3, Op=n/3, n,=4

Figure 2.4: Four series with results of spin measurement on pairs of entangled
particles (S, and Sg). Spin up is represented by + and spin down by - . Series
| is considered as the result of areal expeiment with alignment of the directions
of the measuring devices M4 and Mp. A strict anticorrelation between the result
is observed for each pair. Series |l gives the hypothetical results that would have
been obtained in the same experiment if the direction of Mz were tilted relative
to M 4. About 1/4 of the spins S would be flipped. These are indicated by red
circles. This would lead to four pairs with correlated spins, indicated by green
lines. Series |1l isasimilar hypothetical situation with M 4 rotated. Finally Series
IV gives the results if both A4 and Mg were rotated. In one of the pairs both
spins are flipped relative to Series |. This reduces the number of correlated spins
relative to the sum of correlated pairsfor Series |l and Series|ll.
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Since we have a symmetric situation between M, and Mg we clearly could
have used the same argument if A/, were rotated instead of M. Thissituation is
shown in Series 111, where the series of measurements S is left unchanged, but
some of the results of S, are changed. In this case we have chosen 64 = —7/3.
Wedsointhislist have

no(I11) 3

P(III)eyy = N — 1

(2.74)

consistent with the predictions of quantum mechanics.

Finally, we combine these two results to a two-step argument for what would
have happened if both measurement devices had been rotated, to the directions
0, = —m/3 and 05 = m/3. We can start with either Series Il or Series IlI.
Rotation of the second measuring device would then lead to a change of about
1/4 of the results in the series that was not changed in the first step. The total
number of correlated pairs would now be

n(IV) = n(IT) +n(I1) — A (2.75)

In this expression n(/1) is the number of flips in the result of Sz and n(II1)
the number of flipsin the results of S4. Such flips would change the result from
anticorrelated to correlated. However that would be true only if only one of the
spin results of an entangled pair were flipped. If both spinswere flipped we would
be back to the situation with anticorrelations. Thus the number of correlated pairs
would be equal to the sum of the number of flipsin each series minus the number
where two flips is applied to the same pair. The last number is represented by A
in the formula (2.75). In the result of Series |V thisis represented by the result
ny (IV) 4
P(IV)ezp = N T

6
< P(II)eyp+ P(I11)eqp =

- (2.76)

The subtraction of A in (2.75) explains the Bell inequality, which here takes the
form

P(2r/3) < 2P(n/3) 2.77)

The results extracted from the series of spin measurements listed in Fig.(2.3.2)
gives (2.76) in accordance with the Bell inequality (2.77).
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The arguments given above, which reproduce Bell’'s inequality, may seem to
implement the assumption of locality in a very straight forward way: Changes
in the set up of the measurements at M 4 cannot influence the result of measure-
ments performed at M g when these devices are separated by alarge distance. The
predictions of quantum mechanics, on the other hand, are not consistent with the
results of these hypothetical experiments, and real experiments have confirmed
guantum mechanics rather than the Bell inequality.

So is there anything about the arguments given for the hypothetical experi-
ments that indicates that they may be wrong? We note at least one disturbing
fact. Only one of the four series of resultsin Fig.(2.3.2) can be associated with a
real experiment. The others must be based on assumptions of what would have
happened if the same series of measururements would have been performed under
somewhat different conditions. Thisis essential for the result. If the four series of
measurements should instead correspond to four different (real) experiments the
situation would be different. We then would have no reason to believe that the
series of results S 4 would be preserved when going from | to 11 or S when going
from | to I1. Each serieswould in this case rather give anew (random) distribution
of results for particle A (or particle B).

In any case the conclusion seems inevitable, that quantum mechanics is in
conflict with Einstein locality, i.e., with the basic assumptionsthat lead to the Bell
inequality. Does this mean that some kind of influence is transmitted from A to B
when measuring on particle A, even when the two particles are very far apart?

2.4 Problems

(To be completed.)

2.4.1 Density matrix and spin orientation

a) Write up the general expression for the (2 x 2) density matrix p of a spin half
system. (It should satisfy the conditions (2.5)). Show that it can be interpreted
as representating a statistical ensemble of spin up states and spin down states in
some direction n. Find the probabilities p, for spin up and p_ for spin up aswell
as the unit vector n expressed in terms of the matrix elements of p. Is the vector
n uniquely determined? Discuss the special case where the vector is completely
undetermined.
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b) Assume the spin-half system is in a pure state. Find the density matrix
(or state vector) expressed in terms of the expectation values (S,) and (S,). (Is
information about (.S,) also needed to specify the state?)

¢) Assumethe spin-half systemisin amixed state. Consider the same question
asunder b).

2.4.2 Spin 1system

Find the number of parameters that determine the general density matrix of aspin
1 system. How many parameters are needed if the system is in a pure state?
Assume the expectation values (S,), (S,) and (S,) are known. What additional
information is needed in the two cases in order to specify the state?

2.4.3 Convexity

Density matrices do not satisfy the superposition principle like the state vectors.
They do however satisfy aconvexity criteriain thefollowing form. If 5, and p, are
two density matrices, also the following linear combination is a density matrix,

p=ap+(1—a)ps (2.78)

with o asareal number intheinterval 0 < o < 1. Show this. Can a pure state be
written as such a combination of two other density matrices?

2.4.4 Schmidt decomposition

A composite system consists of two two-level systems. The Hilbert space of the
composite system is spanned by the four vectors

100) = [0) ©10) , [01) = |0) ® [1), [10) = [1) ©0) , [11) = |1) @ [1) (2.79)

Find the Schmidt decomposition of the following three vectors

a) = %uoowuw
by = %(\00>+|01>+!10>)
¢} = 5(100) + Jo1) + [10) +[11))

(2.80)
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